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Let h be the Hausdorff dimension of the limit set of a conformal parabolic
iterated function system in dimension d \ 2. In case the system of maps is finite, we
provide necessary and sufficient conditions for the h-dimensional Hausdorff
measure to be positive and finite and also, assuming the strong open set condition
holds, characterize when the h-dimensional packing measure of the limit set is posi-
tive and finite. We also prove that the upper ball (box)-counting dimension and the
Hausdorff dimension of this limit set coincide. As a byproduct we include a
compact analysis of the behaviour of parabolic conformal diffeomorphisms in
dimension 2 and separately in any dimension greater than or equal to 3. © 2002
Elsevier Science (USA)
1. INTRODUCTION AND PRELIMINARIES
Our setting is the following. Let X be a compact subset of a Euclidean
space Rd with nonempty interior such that the boundary of X has no iso-
lated points. We consider a countable family of conformal maps fi: XQX,
i ¥ I, where I has at least two elements satisfying the following conditions.
(1) (Open set condition) fi(Int(X)) 5 fj(Int(X))=” for all i ] j.
(2) |f −i(x)| < 1 everywhere except for finitely many pairs (i, xi), i ¥ I,
for which xi is the unique fixed point of fi and |f
−
i(xi)|=1. Such pairs and
indices i will be called parabolic and the set of parabolic indices will be
denoted by W. All other indices will be called hyperbolic.
(3) (Extension) There exists an open connected neighbourhood V of
X and s < 1 such that -n \ 1-w=(w1, ..., wn) ¥ In if wn is a hyperbolic
index or wn−1 ] wn; then fw extends conformally to V, maps V into itself,
and ||f −w || [ s.
(4) If i is a parabolic index, then 4n \ 0 fin(X)={xi}. (Thus, the
diameters of the sets fin(X) converge to 0.)
(5) (Cone condition) There exist a, l > 0 such that for every
x ¥ “X … Rd, there exists an open cone Con(x, ux, a, l) … Int(X) with vertex
x and a central angle of Lebesgue measure a, where Con(x, ux, a, l)=
{y : 0 < (y−x, ux) [ cos a||y−x|| [ l} and ||ux ||=1.
(6) ,s < 1-n \ 1-w ¥ In if wn is a hyperbolic index or wn−1 ] wn, then
||f −w || [ s, where the sup norm is taken over V, although taken over X
together with (7) suffices.
(7) (Bounded distortion property) ,K \ 1-n \ 1-w=(w1, ..., wn) ¥
In-x, y ¥ V if wn is a hyperbolic index or wn−1 ] wn, then
||f −w(y)||
||f −w(x)||
[K.
(8) There are constants L \ 1 and a > 0 such that
|||f −i(y)||− ||f −i(x)||| [ L ||f −i || (||y−x||)a,
for every i ¥ I and every pair of points x, y ¥ V.
We call such a system of maps S={fi: i ¥ I} a conformal iterated function
system abbreviated as conformal IFS. If W=”, we call the system S
hyperbolic; if W ]”, we call it parabolic. Throughout this paper we assume
that the system S is parabolic.
We would like to emphasize that if d \ 2, then conditions (7) and (8) are
a consequence of condition (3) alone. Indeed, in case d=2, these follow
from Koebe’s distortion theorem and the observation that complex
conjugation in C is an isometry. In case d \ 3, both conditions have been
essentially proved in [U2]. Because of the extreme importance of these
properties and for the sake of completeness, we give careful proofs in Sec-
tion 2. Finally, the appropriate results in case d=1 have been proven in
[U3] (by methods which are specific to that dimension); we assume
throughout the paper that d \ 2.
By Ig we denote the set of all finite words with alphabet I and by I. all
infinite sequences with terms in I. It follows from (3) that for every hyper-
bolic word w, fw(V) … V. For each w ¥ Ig 2 I., we define the length of w
by the uniquely determined relation w ¥ I |w|. If w ¥ Ig 2 I. and n [ |w|,
then by w|n we denote the word w1w2...wn. In [MU4], we proved that
limnQ.sup|w|=n{diam(fw(X))}=0. So, the map p: I.QX, p(w)=
4n \ 0fw|n (X), is uniformly continuous. Its range
J=JS=p(I.),
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the main object of our interest in this paper, is called the limit set of the
system S. For every integer q \ 1, we denote
Sq={fw: w ¥ Iq}.
Of course, JSq=JS and sometimes in the following it will be more conve-
nient to consider an appropriate family of iterates Sq of S rather than S
itself. The two basic tools we use to study limit sets of parabolic IFS are
conformal measures and a hyperbolic system Sg associated with S. The
system Sg is given by
Sg={finj: n \ 1, i ¥ W, i ] j} 2 {fk: k ¥ I0W}.
Thus, Ig, the countable set of indices or letters for the system Sg, is
Ig={inj: n \ 1, i ¥ W, i ] j} 2 {k: k ¥ I0W}.
This system was described and analyzed in [MU4]. It immediately
follows from our assumptions (cf. Theorem 5.2 in [MU4]) that the follow-
ing is true.
Theorem 1.1. The system Sg is a hyperbolic conformal iterated function
system.
The limit set generated by the system Sg is denoted by Jg. The following
result (see Lemma 5.3 in [MU4]) allows us to reduce our geometric con-
siderations to the limit set Sg and we are able to apply the theory developed
for infinite hyperbolic IFS.
Lemma 1.2. The limit sets J and Jg of the systems S and Sg respectively
differ only by a countable set: Jg … J and J0Jg is countable.
Let
Sg(.)= 3
F ¥Fin
0
a ¥ I* 0F
fa(X),
where Fin denotes the family all finite subsets of Ig. In [MU1], Sg(.) is
denoted by X(.). The following proposition is an immediate consequence
of condition (4).
Proposition 1.3. If the alphabet I is finite, then
Sg(.)={xi : i ¥ W}, the set of parabolic fixed points.
Remark. If I is infinite, S*(.) may be a continuum.
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Following [MU1], given t \ 0, a Borel probability measure m is
t-conformal for the system Sg provided m(JSg)=1 and for every Borel
set A …X and all i, j ¥ Ig with i ] j,
m(fi(A))=F
A
|f −i |
t dm (1.1)
and
m(fi(X) 5 fj(X))=0. (1.2)
For the system Sg, we define the functions
k(t)= C
a ¥ Ig
||f −a ||
t and kn(t)= C
a ¥ Ing
||f −a ||
t,
and Pg, the topological pressure function for the system Sg,
Pg(t)= lim
nW.
log kn(t)
n
.
Finally, the finiteness parameter for the system Sg is given by
h(Sg)=inf {t: k(t) <.}=inf{t: Pg(t) <.}.
The system Sg is said to be hereditarily regular provided k(h(Sg))=. and
regular provided there is some t such that Pg(t)=0. Of course, hereditarily
regular systems are regular. Let
h=hS=dimH(JS)=dimH(JSg)
be the Hausdorff dimension of the limit set JS. It has been proven in
[MU1] that h=inf {t: Pg(t) [ 0} and if a hyperbolic IFS is regular, then
an h-conformal measure exists and is unique. In Section 4 we shall prove
the following
Theorem 1.4. If S is a finite parabolic IFS, then the system Sg is here-
ditarily regular and, consequently, an h-conformal measure for Sg exists.
From now on, unless otherwise stated, we will assume that the alphabet
I is finite and m will denote the h-conformal measure produced in
Theorem 1.4.
Let H t denote the t-dimensional Hausdorff measure and P t, the
t-dimensional packing measure. We recall that the system S satisfies the
strong open set condition if JS 5 IntX ]”. Noting that in the terminology
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of [MU1] each hereditarily regular IFS is regular, and combining
Theorem 1.4, Corollary 4.7 in [MU4], and Corollary 5.10 in [MU4], we
get the following.
Theorem 1.5. If a finite parabolic IFS S satisfies the strong open set
condition, thenH t(J) <. and Ph(J) > 0.
Remark. We don’t know whether a finite parabolic system satisfying
the open set condition satisfies the strong open set condition, although this
is true for finite hyperbolic systems [PRSS].
Next we state the main theorem of our paper. It contains a complete
description of the h-dimensional Hausdorff and packing measures of the
limit set of a finite parabolic IFS.
Theorem 1.6. Let S be a finite parabolic IFS satisfying the strong open
set condition. Then
(a) If h < 1, then 0 <Ph(J) <. andHh(J)=0.
(b) If h=1, then 0 <Hh(J) [Ph(J) <..
(c) If h > 1, then 0 <Hh(J) <. and Ph(J)=..
This sort of theorem has appeared in several contexts, for Kleinian
groups in [Su], in the context of parabolic rational functions in [DU], for
rational functions with no recurrent critical points in the Julia set (abbre-
viated as NCP maps), in [U1] and for parabolic Cantor sets (which arise in
1-dimensional parabolic IFS) in [U3]. The idea behind the proofs here is
different from those cited. It relies on extending, simplifying, and clarifying
the approach which originated in [MU3], where we studied a particular
parabolic system whose limit set is the residual set in Apollonian packing
and in employing the necessary and sufficient conditions for the Hausdorff
and packing measures to be positive and finite, provided in [MU1] and
[MU2]. To indicate the generality of our approach, we note that the
results given here apply not only to parabolic IFS, but also to other itera-
tions. For example, as shown in [UZ], given a parabolic polynomial map,
one can construct an associated parabolic IFS which allows one to obtain
the analysis of the Julia set corresponding to that stated in Theorem 1.6.
This is by no means straightforward. In fact, these constructions carry over
to the case of parabolic rational functions whose Julia set is a Cantor set
and perhaps to general parabolic rational maps. We speculate that perhaps
even in the case of NCP maps, one can demonstrate appropriate versions
of our main theorem as a corollary of Theorem 1.6.
We shall also prove in Section 4 the following.
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Theorem 1.7. If S is a finite parabolic IFS, then
dimB(J)=dimH(J),
where dimB(J) denotes the upper ball-counting dimension, also called the box-
counting dimension, Minkowski dimension, or capacity.
One more note for the reader. The dynamical properties of the parabolic
IFS proven in Sections 2 and 3 and needed for the proofs of Theorems 1.6
and 1.7 are provided in the beginning of Section 4 in a unified fashion.
Therefore, the reader only interested in Theorems 1.6 and 1.7 may actually
read Section 4 independent of Sections 2 and 3.
Section 2 mainly concerns the dynamical properties of a single parabolic
conformal diffeomorphism in Rd, d \ 3 and can be viewed as an introduc-
tion to the technically more complicated Section 3 which deals with dyna-
mical properties of a single simple parabolic holomorphic map in R2. Both
sections provide a compact systematic description of the quantitative
behaviour of parabolic maps needed for the proofs in Section 4. The quali-
tative behaviour of a single parabolic holomorphic map considered in
Section 3 is known as Fatou’s flower theorem (see [Al] for additional
historical information). Some quantitative results can be also found in
these papers. At the end of Sections 2 and 3 some facts about parabolic
iterated function systems are proven.
We end this section with two terminologies. Given two sets A, B … Rd,
we denote
dist(A, B)=inf {||a−b|| : (a, b) ¥ A×B}
and Dist(A, B)=sup {||a−b|| : (a, b) ¥ A×B}.
2. THE CASE d \ 3
As we mentioned in the Introduction, it is known (see [BP] and [Ha])
that in every dimension d \ 3 each C1 conformal homeomorphism A
defined on an open connected subset of Rd extends to the entire space Rd
and takes on the form
A=gD p ia, r+b, (2.1)
where 0 < g ¥ R is a positive scalar, D is a linear isometry of Rd, ia, r is
either the inversion with respect to some sphere centered at a point a and
with radius r or the identity map, and b ¥ Rd. If ia, r is an inversion, then for
every z ¥ Rd
||AŒ(z)||= gr
2
||z−a||2
.
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Definition 2.1. We say a conformal map A: RdQ Rd is parabolic
provided it has a fixed point w ¥ Rd such that ||AŒ(w)||=1 and there is a
point t ¥ Rd0{w} and limnQ. Ant=w.
If A is a conformal map and fixes w, then setting
A˜=i−1w, 1 p A p iw, 1=iw, 1 p A p iw, 1,
we have that A˜ is conformal and A˜(.)=.. Therefore,
A˜=lD+c,
where l > 0, D is an orthonormal matrix, and c ¥ Rd. From now on,
without loss of generality, we will assume that w=0; i.e., w is the origin
and we will write i for i0, 1.
Lemma 2.2. If A: RdQ Rd is a parabolic conformal map and if l is the
scalar involved in the formula for A˜, then l=1.
Proof. If l < 1, then A˜: RdQ Rd is a strict contraction and due to
Banach’s contraction principle, it has a fixed point b ¥ Rd such that
limnQ. A˜n(z)=b for every z ¥ Rd. However, this is a contradiction, since
limnQ. A˜n(i(t))=.. Thus, l \ 1. Assume l > 1. Then for every z ¥
Rd0{0},
||AŒ(z)||=||iŒ(A˜(i(z)) A˜Œ(i(z)) iŒ(z)||=l ||A˜(i(z))||−2 ||z||−2
=l ||z||−2 ||lD(||z||−2 (z))+c||−2
=l ||(l ||z||−1 D(z)+c ||z||)||−2=l−1[||D(z/||z||)+(||z||/l) c||]−2.
Since limzQ 0 ||z||=0 and since ||D(z)||=||z||, we deduce that ||AŒ(0)||=
limzQ 0 ||AŒ(z)||=l−1 < 1. This contradiction shows that l [ 1, and conse-
quently l=1. The proof is complete. L
Next, we want to estimate the rate at which A˜n(z) goes to+..
Lemma 2.3. If A: RdQ Rd is a parabolic conformal map, then there
exists a nonzero vector b ¥ Rd and a positive constant o such that for every
z ¥ Rd and every positive integer n
||A˜nz−nb|| [ ||z||+o.
Proof. By a straightforward induction, we get
A˜nz=Dnz+C
n−1
j=0
D j(c).
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Write c=b+a, where b is a fixed point (a priori perhaps 0) of D and a
belongs to W, the orthogonal complement of the vector space of the fixed
points of D. Since limnQ. A˜n(i(t))=.,W is not the trivial subspace of Rd.
In addition, D(W)=W and D− Id : WQW is invertible. Since
(D− Id) 1 Cn−1
j=0
D j(a)2=Dna−a
and since ||Dna−a|| [ 2 ||a||, we therefore conclude that for every n \ 1
> Cn−1
j=0
D j(a)> [ 2 ||a|| · ||(D− Id) |−1W ||.
Hence,
||A˜nz−nb||=>Dnz+Cn−1
j=0
D j(a)> [ ||z||+2 ||(D− Id)|−1W || · ||a||.
Again, since limnQ. A˜n(i(t))=., we finally conclude that b ] 0 and the
proof is complete. L
As an immediate consequence of this lemma we get the following.
Corollary 2.4. Let A: RdQ Rd be a parabolic conformal map. For
every compactum F … Rd, there exists a constant BF \ 1 and integerMF ¥N
such that for every n \MF and every z ¥ F
B−1F n [ ||A˜nz|| [ BFn.
Lemma 2.5. Let A: RdQ Rd be a parabolic conformal map. For every
compactum L … Rd0{0}, there exist a constant CL, 1 \ 1 and integer NL ¥N
such that for every n \NL and every z ¥ L
C−1L, 1n
−2 [ ||(An)Œ (z)|| [ CL, 1n−2 and diam(An(L)) [ CL, 1n−2.
Proof. By the chain rule, we find for every z ¥ Rd0{0}
||(An)Œ (z)||=||iŒ(A˜n(i(z)))|| · ||(A˜n)Œ (i(z))|| · ||iŒ(z)||=||A˜n(i(z))||−2 ||z||−2.
For every z ¥ L, Dist−2(0, L) [ ||z||−2 [ dist−2(0, L), and in view of
Corollary 2.4, if n \Mi(L), then B−1i(L)n [ ||A˜nz|| [ Bi(L)n. Consequently, if
z ¥ L and n \Mi(L), we have
(Bi(L)Dist(0, L))−2 n−2 [ ||(An)Œ (z)|| [ B2i(L)dist−2(0, L) n−2
and the proof is complete. L
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Lemma 2.6. Let A: RdQ Rd be a parabolic conformal map. For every
compactum L … Rd0{0}, there exists a constant CL, 2 \ 1 such that for all
integers k, n with n \ k \ 1,
Dist(Ak(L), An(L)) [ CL, 2 |k−1−(n+1)−1|
and
Dist(An(L), 0) [ CL, 2n−1.
Proof. Let us start with the second inequality. If n \Mi(L) and z ¥ L,
then, by Corollary 2.4, we get ||Anz||=||A˜n(i(z))||−1 [ Bi(L)n−1 and the
second inequality follows provided CL, 2 is sufficiently large.
Towards obtaining the first inequality, for every setM … Rd, let conv(M)
denote the convex hull of M. Obviously, conv(M) … B(M, diam(M)) and
diam(conv(M))=diam(M). By using Lemma 2.3, we have for every u ¥ L
and n ¥N,
||A˜n+1(i(u))−A˜n(i(u))|| [ ||A˜n+1(i(u))−(n+1) b−(A˜n(i(u))−nb)+b||
[ 2(||i(u)||+o)+||b||
[ 2(Dist(0, i(L))+o)+||b|| :=M.
Next, choose a positive integerN0 such that Dist(0, conv(1t \N0 A˜ t(i(L))))
=H> 0 and N0 ||b|| >Dist(0, i(L))+o+||b|| :=M. We claim there is a
positive constant C such that if u, v ¥ L, k \N0andj \ 0, then
||Ak+j+1(v)−Ak+j(u)|| [ C
1
(k+j+1)2
.
In order to see this, note that
||Ak+j+1(v)−Ak+j(u)||
[ ||i(A˜k+j+1(i(v)))− i(A˜k+j+1(i(u)))||+||i(A˜k+j+1(i(u)))− i(A˜k+j(i(u)))||
[ sup{||iŒ(w)||: w ¥ [A˜k+j+1(i(v)), A˜k+j+1(i(u))]}
× ||A˜k+j+1i((v))−A˜k+j+1i((u))||
+sup {||iŒ(w)||: w ¥ [A˜k+j(i(u)), A˜k+j+1(i(u))]}
× ||A˜k+j+1i((u))−A˜k+ji((u))||
[ diam(i(L)) sup{||w||−2 : w ¥ [A˜k+j+1(i(v)), A˜k+j+1(i(u))]}
+M sup{||w||−2: w ¥ [A˜k+j(i(u)), A˜k+j+1(i(u))]}.
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Now, ifw ¥ [A˜k+j+1(i(v)), A˜k+j+1(i(u))], thenbyLemma2.3, ||w−(k+j+1) b||
[Dist(0, i(L))+o and ||w|| \ (k+j+1)[||b||−(Dist(0, i(L))+o)/N0]. Also,
since ||A˜k+j(i(u))−(k+j+1) b|| [ ||i(u)||+o+||b||, if w ¥ [A˜k+j(i(u)), A˜k+j+1
(i(u))], then ||w−(k+j+1) b|| [Dist(0, i(L))+o+||b|| and ||w|| \ (k+j+1)
[||b||−(Dist(0, i(L))+o+||b||)/N0] \ (k+j+1)[||b||−M/N0].
Combining these inequalities establishes our claim.
Therefore, if N0 [ k [ n we have
Dist(Ak(L), An(L)) [ C
n−k−1
j=0
Dist(Ak+j+1(L), Ak+j(L))
[ C
n−k
j=0
C(k+j)−2 [ CL, 2(k−1−(n+1)−1)
for some constant CL, 2 \ 1. Clearly, increasing CL, 2 appropriately, we see
that the last inequality is also true for all 1 [ k [ n. The proof of the first
part of our lemma is thus complete. L
Lemma 2.7. For every compactum L … Rd0{0} there exist a constant
CL, 3 \ 1 and an integer q \ 0 such that for all k \ 1 and all n \ k+q
dist(Ak(L), An(L)) \ CL, 3(k−1−n−1).
and
dist(An(L), 0) \ CL, 3n−1.
Proof. First, notice that it follows from Lemma 2.3 that if w, z ¥ i(L)
and k, n ¥N, then
(n−k) ||b||−2(Dist(0, i(L))+o) [ ||A˜n(w)−A˜k(z)||.
Therefore, there is a positive integer q0 such that if n−k \ q0, then
||A˜n(w)−A˜k(z)|| \ (1/2) ||b|| (n−k). Let N0 be as in the proof of Lemma 2.6
andMi(L) be as in Corollary 2.4. Let k, n \N1=max {N0, Mi(L)}. Consider
two arbitrary points z, w ¥ i(L) and parametrize the line segment c joining
A˜k(z) and A˜n(w) as
c(t)=A˜k(z)+t(A˜n(w)−A˜k(z)), t ¥ [0, 1].
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The curve i(c) is a subarc of either a circle or a line and let l(i(c)) be its
length. We have
l(i(c))=F 1
0
||(i p c)Œ (t)|| dt=F 1
0
||iŒ(c(t))|| ||cŒ(t)|| dt
=||A˜n(w)−A˜k(z)|| F 1
0
||c(t)||−2 dt
=||A˜n(w)−A˜k(z)|| F 1
0
||A˜k(z)+t(A˜n(w)−A˜k(z)||−2 dt
\ ||A˜n(w)−A˜k(z)|| F 1
0
(||A˜k(z)||+t ||A˜n(w)−A˜k(z)||)−2 dt
=||A˜n(w)−A˜k(z)|| · ||A˜n(w)−A˜k(z)||−1 F ||A˜
k(z)||+||A˜n(w)−A˜k(z)||
||A˜k(z)||
u−2 du
=||A˜k(z)||−1−(||A˜k(z)||+||A˜n(w)−A˜k(z)||)
=
||A˜n(w)−A˜k(z)||
||A˜k(z)|| · (||A˜k(z)||+||A˜n(w)−A˜k(z)||)
. (2.2)
We have ||A˜k(z)||+||A˜n(w)−A˜k(z)|| [ Bi(L)k+Ci(L), 1(1/k−1/(n+1)). So,
there is a constant U such that ||A˜k(z)||+||A˜n(w)−A˜k(z)|| [ Un. In view of
Corollary 2.4, there is a constant Q0 such that
l(i(c)) \ Q0
||A˜n(w)−A˜k(z)||
kn
.
Thus, there is a constant Q such that if k \N1 and n \ k+q0, then
l(i(c)) \ Q(k−1−n−1). (2.3)
If i(c) is a line segment, then
||An(i(w))−Ak(i(z))||=l(i(c)) \ Q(k−1−n−1). (2.4)
If, however, i(c) is an arc of a circle, then consider the ray
g(t)=A˜k(z)+t(A˜n(w)−A˜k(z)), t ¥ (−., 0].
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Proceeding exactly as in the formula (2.2) and using the estimate
||g(t)|| [ ||A˜k(z)||− t||A˜n(w)−A˜k(z)||, we get
l(i(g)) \ F.
||A˜k(z)||
u−2 du=||A˜k(z)||−1.
And applying Corollary 2.4 we get l(i(g)) \ B−1i(L)k−1 \ Bi(L)(k−1−n−1).
Therefore, invoking (2.3), we deduce that both arcs joining the points
Ak(i(z)) andAn(i(w)) on the circle i({A˜k(z)+t(A˜n(w)−A˜k(z)) : t ¥ R 2 {.}})
have the length \min {Bi(L), Q}(k−1−n−1). Thus, taking also in account
(2.4), we see there is a constant P0 such that if k, n \N1 and n−k \ q0,
then
dist(Ak(L), An(L)) \ P0(k−1−n−1).
Since 0 is not an element of 1N1j=1A j(L), and since it follows from
Lemma 2.3 that Ak(L)Q 0 as kQ., there is a constant CL, 3 such that the
first part of the conclusion of the lemma holds. Applying the proven part
of the lemma, we conclude that
dist(An(L), 0)= lim
kQ.
dist(An(L), Ak(L)) \ lim
kQ.
CL, 3(n−1−k−1)=CL, 3n−1.
The proof is complete. L
We end this section by proving the following two results concerning
general parabolic IFS in dimension d \ 3. The first is a straightforward
consequence of Lemma 2.3.
First, let us note that Lemma 2.6 shows that a conformal parabolic map
in Rd, d \ 3 has a unique fixed point.
Proposition 2.8. If {fi: XQX}i ¥ I is an at least 3-dimensional para-
bolic conformal IFS (I is allowed to be infinite), then xi, the only fixed point
of a parabolic map fi, belongs to “X.
Proof. In view of Lemma 2.3, for every R > 0 large enough and every
n \ 1, the set f˜i({z: ||z|| > R}) is not contained in {z: ||z|| > R}. Conse-
quently, for every neighbourhood U of xi, the set f
n
i (U) does not converge
to xi. Since however limnQ. f
n
i (X)=xi, the point xi cannot belong to
IntX. The proof is complete. L
In [U2] we have demonstrated that in the case d \ 3 the bounded
distortion property (1d) and the property (1e) are satisfied automatically.
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Because of the importance of these properties for our geometric considera-
tions in Section 4 and for the sake of completeness, we present below their
proof taken from [U2].
Theorem 2.9. If {fi}i ¥ I is a collection of maps satisfying condition (3),
then conditions (7) and (8) are also satisfied, perhaps with a smaller set V
and a sufficiently high iterate Sq of S. Property (8) takes on the following
stronger form
|||f −w(y)− ||f
−
w(x)||| [K ||f −w || ||y−x|| (2.5)
for all hyperbolic words w ¥ Ig, all x, y ¥ V, and some sufficiently large K.
Proof. Let U be an open neighbourhood of X such that dist(U, “V) > 0.
Fix a hyperbolic word w ¥ Ig. In view of (2.1) there exist lw > 0, a linear
isometry Aw, an inversion (or the identity map) iw=iaw, rw , and a vector
bw ¥ Rd such that fw=lwAw p iw+bw. In a case when iw is the identity map
the statement of our theorem is obvious. So, we may assume that iw is an
inversion. Then for every z ¥ Rd
||f −w(z)||=
lwr
2
w
||z−aw ||2
.
Hence, for all x, y ¥ Rd
||f −w(y)||
||f −w(x)||
=
||x−aw ||2
||y−aw ||2
. (2.6)
Since fw(V) … V, aw ¨ V. Therefore, for all x, y ¥ U
||x−aw ||
||y−aw ||
[
||x−y||+||y−aw ||
||y−aw ||
=1+
||x−y||
||y−aw ||
[ 1+
diam(U)
dist(U, “V). (2.7)
Thus,
||f −w(y)||
||f −w(x)||
[ 11+ diam(U)
dist(U, “V)
22,
and condition (7) holds. In order to prove the second part we may assume
without loss of generality that ||f −w(x)|| [ ||f −w(y)||. Using (2.6) and (2.7), we
then get
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|||f −w(y)||− ||f
−
w(x)||| [ ||f −w || 1 ||f −w(y)||||f −w(x)|| −12=||f −w || 1 ||x−aw ||
2
||y−aw ||2
−12
=||f −w || 1 ||x−aw ||||y−aw ||−12 1 ||x−aw ||||y−aw ||+12
[ ||f −w || 12+ diam(U)dist(U, “V)2 ||x−y||||y−aw ||
[ ||f −w || 12+ diam(U)dist(U, “V)2 ||x−y||min{||y−aw ||, ||x−aw ||}
[ 12+ diam(U)
dist(U, “V)
2 1
dist(U, “V) ||f
−
w || ||y−x||.
Now cover X by finitely many balls with a positive distance to “V. Using
property (3), we may join them by smooth compact arcs contained in V to
obtain a connected set M whose closure is contained in V. Form the new
set U, an open connected neighbourhood of X with a positive distance to
the boundary of V, by adding toM sufficiently small open neighbourhoods
of these compact arcs. We may require these neighbourhoods to be topo-
logical closed balls (in Rd) with smooth boundaries. Finally, the boundary
of U itself can be taken to be smooth and combining (3) and (4) along with
the proven distortion property we can easily deduce that fw(U) … U if only
|w| is large enough. The proof is complete. L
3. THE PLANE CASE, d=2
We call a holomorphic map f, defined around a point w ¥ C, simple
parabolic if f(w)=w, fŒ(w)=1, and f is not the identity map. Then on a
sufficiently small neighbourhood of w, the map f has the following Taylor
series expansion
f(z)=z+a(z−w)p+1+b(z−w)p+2+·· ·
with some integer p \ 1 and a ¥ C0{0}. Being in the circle of ideas related
to Fatou’s flower theorem (see [Al] for extended historical information),
we now want to analyze qualitatively and especially quantitatively the
behaviour of f in a sufficiently small neighbourhood of the parabolic point
w. Let us recall that the rays coming out from w and forming the set
{z: (a(z−w)p < 0}
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are called attracting directions and the rays forming the set
{z: a(z−w)p > 0}
are called repelling directions. Fix an attractive direction, say A=w+
p`−a−1(0,.), where p` · is a holomorphic branch of the pth radical
defined on C0a−1(0,.). In order to simplify our analysis let us change the
system of coordinates with the help of the affine map r(z)=p`−a−1+w.
We then get
f0(z)=r−1 p f p r(z)=z−zp+1+bp`−a−1 zp+2+·· ·
and r−1(A)=(0,.) is an attractive direction for f0. We want to analyze
the behaviour of f0 on an appropriate neighbourhoods of (0, e), for e > 0
sufficiently small. In order to do it, similarly as in the previous section, we
conjugate f0 on C0(−., 0] to a map defined ‘‘near’’ infinity. Precisely, we
consider p` · , the holomorphic branch of the pth radical defined on
C0(−., 0] and leaving the point 1 fixed. Then we define the map
H(z)=
1
p`z
and consider the conjugate map
f˜=H−1 p f0 pH.
Straighforward calculations show that
f˜(z)=z+1+O(|z|−
1
p) (3.1)
and
f˜Œ(z)=1+O(|z|−p+1p ). (3.2)
Given now a point x ¥ (0,.) and a ¥ (0, p), let
S(x, a)={z: −a < arg(z−x) < a}.
The formula (3.1) shows that for every a ¥ (0, p) there exists x(a) ¥ (0,.)
such that for every x \ x(a)
f˜(S(x, a)) … S (x+12 , a), (3.3)
|z| \ Bp, (3.4)
and
Re(f˜(z)) \ Re(z)+12 (3.5)
FRACTAL MEASURES FOR PARABOLIC IFS 239
for all z ¥ (S(x, a), where B is the constant responsible for O(|z|−1p) in (3.1).
The following lemma immediately follows from (3.4), (3.1), and (3.5) by a
straightforward induction.
Lemma 3.1. For every compactum F … S(x(a), a) there exists a constant
CF \ 1 such that for every z ¥ F and every n \ 1
C−1F n [ |f˜n(z)| [ CFn.
Using a straightforward induction, one gets from (3.1) and Lemma 3.1
that
f˜n(z)=z+n+O(max {n1−
1
p, log n}) (3.6)
and
f˜n(z)=f˜k(z)+(n−k)+O(|n1−
1
p−k1−
1
p|) , (3.7)
where the constant involved in ‘‘Oœ’’ depends only on F and f0. Using
Lemma 3.1 and (3.2) we shall prove the following.
Lemma 3.2. For every compactum F … S(x(a), a) there exists a constant
DF \ 1 such that for every z ¥ F and every n \ 1
D−1F [ |(f˜n)Œ(z)| [ DF.
Proof. For every z ¥ S(x(a), a) let g(z)=f˜Œ(z)−1. By the chain rule,
we have for every z ¥ S(x(a), a) and every n \ 1
(f˜n)Œ (z)=D
n−1
j=0
fŒ(f˜ j(z))=f˜Œ(z) D
n−1
j=1
(1+g(f˜ j(z))).
Using (3.2) and the right-hand side of of Lemma 3.1, we get for every z ¥ F
and every j \ 1 that
|g(f˜ j(z))|=O(|f˜ j(z)|−
p+1
p ) [ C−
p+1
p
F O(j
−p+1p ).
Since the series ;.j=1 j−
p+1
p converges, the proof is complete. L
For every x ¥ (0,.) and a ¥ (0, p) let
S0(x, a)=H(S(x, a))
and
SAf (x, a)=r pH(S(x, a))=r(S0(x, a)).
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The regions S0(x, a) and S
A
f (x, a) look like flower petals containing
symmetrically a part of the ray (0,.) and the ray A=w+p`−a−1(0,.)
respectively and form with these rays two angles of measures a/p at the
points 0 and w, respectively. We recall from the previous section that
conv(M) denotes the convex hull of the set M. Combining Lemmas 3.1
and 3.2 we deduce the following.
Lemma 3.3. For every a ¥ (0, p/2) and for every compactum F …
S(x(a), a) there exists a constant CF \ 1 such that for every n \ 1
C−1F n [ dist(0, conv(f˜n(F))) [Dist(0, conv(f˜n(F))) [ CFn.
Let us now use the properties of the map f˜ and establish useful facts
about the map f.
Lemma 3.4. For every compactum L … SAf (x, a) there exists a constant
CL \ 1 such that for every z ¥ L and every n \ 1
C−1L n
−p+1p [ |(fn)Œ (z)|, diam(fn(L)) [ CLn−
p+1
p .
Proof. It of course suffices to prove this lemma for f replaced by f0.
Since H−1(L) is a compact subset of S(x(a), a) and since HŒ(z)=
−1p z
−(p+1)/p, using the chain rule along with Lemma 3.1, Lemma 3.2, and
(3.4), we deduce that for every z ¥ L and every n \ 1
|(fn0)Œ (z)|
=|(H p f˜n pH−1)Œ (z)|=|HŒ(f˜n(H−1(z)))| · |(f˜n)Œ (H−1(z)| · |(H−1)Œ (z)|
=
1
p
|f˜n(H−1(z))|−
p+1
p |(f˜n)Œ (H−1(z)) |p| z|−(p+1)
[ D
p+1
p
H−1(L) CH−1(L)(dist(0, H
−1(L)))−(p+1) n−
p+1
p
and
|(fn0)Œ (z)| [ D−
p+1
p
H−1(L) C
−1
H−1(L) Dist(0, H
−1(L))−(p+1) n−
p+1
p .
The proof is complete. L
Lemma 3.5. For every compactum L … SAf (x, a) there exists a constant
CL, 1 \ 1 such that for all k, n \ 1
Dist(fk(L), fn(L)) [ CL, 1 |min(k, n)−
1
p−(max(k, n)+1)−
1
p|
and
Dist(fn(L), w) [ CL, 1n−
1
p.
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Proof. It suffices again to prove this lemma for f replaced by f0. Let us
prove the first inequality. Without loss of generality we may assume that
n \ k. Since H−1(L) and conv(H−1(L)) are compact subsets of S(x(a), a),
using (3.1) and Lemmas 3.3, 3.1, and 3.2, we can estimate for every j \ 0
and all z, t ¥ L as follows
|fk+j+10 (t)−f
k+j
0 (z)|
[ |fk+j+10 (t)− |fk+j+10 (z)|+|fk+j+10 (z)−fk+j0 (z)|
[ sup{|HŒ(w)| : w ¥ conv(f˜k+j+1(H−1(L)))}
×diam(conv(f˜k+j+1(H−1(L))))
+(1+B |f˜k+j(H−1(z))|−
1
p)
× sup{|HŒ(w)| : w ¥ [f˜k+j(H−1(z)), f˜k+j+1(H−1(z))]}
[
1
p
sup{|w|−
p+1
p : w ¥ conv(f˜k+j+1(H−1(L)))} diam(f˜k+j+1(H−1(L))
+
2
p
sup{|w|−
p+1
p : w ¥ [f˜k+j(H−1(z)), f˜k+j+1(H−1(z))]}
[
1
p
DH−1(L)CH−1(L)diam(H−1(L))(k+j+1)−
p+1
p
+
2
p
(|f˜k+j+1(H−1(z))|− |f˜k+j(H−1(z))|)−
p+1
p
[
1
p
DH−1(L)CH−1(L) diam(H−1(L))(k+j+1)−
p+1
p
+
2
p
(CH−1(L)(k+j+1)−B (|f˜k+j(H−1(z))|−
1
p+1))−
p+1
p
[
1
p
DH−1(L)CH−1(L)diam(H−1(L))(k+j+1)−
p+1
p
+
2
p
(CH−1(L)(k+j+1)−B(C
1
p
H−1(L)(k+j)
−1p+1))
[
1
p
DH−1(L)CH−1(L) diam(H−1(L))(k+j+1)−
p+1
p
+
4
p
C
p+1
p
H−1(L)(k+j+1)
−p+1p
=
1
p
(DH−1(L)CH−1(L)diam(H−1(L))+4C
p+1
p
H−1(L))(k+j+1)
−p+1p ,
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where the last inequality has been written assuming that k \ 1 is large
enough, say k \ q and B is the constant coming from (3.1). Denote the
constant appearing in the last row of the above formula by C −L. Using also
Lemma 3.4 we then get
Dist(fk0(L), f
n
0(L)) [ C
n−k−1
j=0
Dist(fk+j0 (L), f
k+j+1
0 (L))+C
n−k
j=0
diam(fk+j0 (L))
[ C
n−k
j=0
C −L(k+j)
−p+1p =CL, 1(k−
1
p−(n+1)−
1
p)
for some constant CL, 1 \ 1. Clearly, increasing the constant CL, 1
appropriately, we see that the last inequality is also true for all 1 [ k [ q.
The proof of the first part of Lemma 3.6 is thus complete. The second part
is a straightforward consequence of the first one. Indeed, it follows from
(3.3) that fk(L) converges to w if kQ.. Hence, applying the first part of
the lemma, we get
Dist(fn(L), w)= lim
kQ.
Dist(fn(L), fk(L))
[ lim
kQ.
CL, 1(n−
1
p−(k+1)−
1
p)=CL, 1n−
1
p.
The proof is complete. L
Lemma 3.6. For every compactum L … SAf (x, a) there exist a constant
CL, 2 [ 1 and an integer q \ 0 such that for all k \ 1 and n \ k+q,
dist(fk(L), fn(L)) \ CL, 2 |n−
1
p−k−
1
p|
and
dist(fn(L), w) \ CL, 2n−
1
p.
Proof. It suffices of course to prove this lemma with f replaced by f0.
Consider two arbitrary points z, t ¥H−1(L) and the line segment c joining
f˜k(z) and f˜n(t). Parametrize it as
c(t)=f˜k(z)+t(f˜n(t)− f˜k(z)), t ¥ [0, 1].
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Let l(H(c)) be the length of the curve (a subarc of either a circle or a line)
H(c). We have
l(H(c))=F 1
0
|(H p c)Œ (t)| dt=F 1
0
|HŒ(c(t))| |cŒ(t)| dt
=|f˜n(t)− f˜k(z)| F 1
0
|HŒ(c(t))| dt=1
p
|f˜n(t)− f˜k(z)| F 1
0
|c(t)|−
p+1
p dt
=
1
p
|f˜n(t)− f˜k(z)| F 1
0
|f˜k(z)+t(f˜n(t)− f˜k(z))|−
p+1
p dt
\
1
p
|f˜n(t)− f˜k(z)| F 1
0
(|f˜k(z)|+t|f˜n(t)− f˜k(z)|)−
p+1
p dt
=
1
p
F |f˜
k(z)|+|f˜n(t)− f˜k(z)|
|f˜k(z)|
u−
p+1
p du
=1 |f˜k(z)|−1p−(|f˜k(z)|+|f˜n(t)− f˜k(z)|)−1p2
=
(|f˜k(z)|+|f˜n(t)− f˜k(z)|)
1
p−|f˜k(z)|
1
p
|f˜k(z)|
1
p(|f˜k(z)|+|f˜n(t)− f˜k(z)|)
1
p
\ C−
1
p
H−1(L)(3CH−1(L))
−1p
(|f˜k(z)|+|f˜n(t)− f˜k(z)|)
1
p−|f˜k(z)|
1
p
k
1
p n
1
p
, (3.8)
where the last inequality has been written due to Lemma 3.1. By the mean
value theorem there exists g ¥ [|f˜k(z)|, |f˜k(z)|+|f˜n(t)− f˜k(z)|] such that
(|f˜k(z)|+|f˜n(t)− f˜k(z)|)
1
p−|f˜k(z)|
1
p
=
1
p
|f˜n(t)− f˜k(z)| g
1−p
p \
1
p
|f˜n(t)− f˜k(z)| (|f˜k(z)|+|f˜n(t)− f˜k(z)|)
1−p
p
\
1
p
(3CH−1(L))
1−p
p |f˜n(t)− f˜k(z)|. (3.9)
Now, in view of (3.6), f˜n(t)− f˜k(z)=t−z+O(max {n1−
1
p, log n}). Hence
|f˜n(t)− f˜k(z)| \ diam(H−1(L))+(n−k)−O(max{n1− 1p, log n}) \ 12 (n−k)
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if only n−k is large enough, say n−k \ q. Using this, (3.8), and (3.9), if
n \ k+q, then
l(H(c)) \
1
2p
(3CH−1(L))
1−p
p
(n−k) n1−
1
p
k
1
p n
1
p
(3.10)
Since t [ t 1p for t ¥ [0, 1], we get 1−t \ 1−t 1p for these t, and consequently
1− kn \ 1−(
k
n)
1
p or n−kn \ 1−(
k
n)
1
p. Multiplying this last inequality by n
1
p, we
get (n−k) n
1−p
p \ n 1p−k 1p. Combining this and (3.10) yields
l(H(c)) \
1
2p
(3CH−1(L))
1−p
p (k−
1
p−n−
1
p). (3.11)
If H(c) is a segment of the line, then
|fk0(H(z))−f
n
0(H(t))|=l(H(c)) \
1
2p
(3CH−1(L))
1−p
p (k−
1
p−n−
1
p). (3.12)
If however H(c) is an arc of a circle, then consider the curve
g(t)=f˜k(z)+t(f˜n(t)− f˜k(z)), t ¥ (−., 0].
Proceeding exactly as in the formula (3.8) with the estimate |g(t)| [ |f˜k(z)|−
t |(f˜n(t)− f˜k(z)|, we get
l(H(c)) \
1
p
F.
|f˜k(z)|
u−
p+1
p du=|f˜k(z)|−
1
p.
Applying now Lemma 3.1 this gives
l(H(c)) \ (CH−1(L))−
1
p k−
1
p \ (CH−1(L))−
1
p 1k−1p−n−1p2 .
Therefore, invoking (3.11), we deduce that both arcs joining the points
fk0(H(z)) and f
n
0(H(z)) on the circle H({f˜
k(z)+t(f˜n(t)− f˜k(z)) : t ¥ R 2
{.}) have the length \ C((k−1p−n−1p), where C=min{ 12p (3CH−1(L))1−p/p,
CH−1(L))−1/p}. Hence |f
k
0(H(z))−f
n
0(H(t))| \ Cp (k
−1/p−n−1/p). This and (3.12)
imply that
dist(fk0(H(z)), f
n
0(H(t))) \
C
p
(k−1/p−n−1/p)
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and the proof of the first part of our lemma is complete. Since it follows
from (3.3) that fk(L) converges to w if kQ., applying the proven part of
the lemma, we conclude that
dist(fn(L), w)= lim
kQ.
dist(fn(L), fk(L)) \ lim
kQ.
CL, 2(n−
1
p−k−
1
p)=CL, 2 n−
1
p.
The proof is complete. L
Remark 3.7. We would like to remark that all statements proven in this
section about the map f continue to be true if we replace the assumption
L … SAf (x(a), a) by the assumption f j(L) … SAf (x(a), a) for some j \ 0.
Lemma 3.8. If L … C0w is a compactum and limnQ.fn(L)=w, then
there exists an attracting direction A such that for every a ¥ (0, p),
fn(L) … SAf (x(a), a) for every n \ 0 large enough.
Proof. First notice that due to (3.3), if fk(L) … SAf (x(a), a), then
fn(L) … SAf (x(a), a) for all n \ k. Suppose now that the contrapositive
statement is true. Since the set of attracting directions is finite, there thus
exist b ¥ (0, p) and such that for every n \ k
fn(L) 5 0
p
i=1
SA
+
i
f
(x(b), b)=”, (3.13)
where {A+1 , A
+
2 , ..., A
+
p } is the set of all attracting directions for f at w.
Taking now c ¥ (p−b, p) we see that the union
0
p
i=1
SA
+
i
f
(x(b), b) 2 0
p
i=1
SA
−
i
f
−1(x(c), c)
(A−i being attracting directions for f
−1) forms a deleted neighbourhood of w.
Along with (3.13) this implies that fn(L) … SA
−
i
f
−1(x(c), c) for some i ¥
{1, 2, ...p} and all n \ k. But since, by (3.3), limnQ. f−n(S
A−i
f
−1(x(c), c))=w,
we conclude that L=limnQ. f−n(f (L))=w. This contradiction finishes the
proof. L
We end this section with a result concerning parabolic IFS in dimension
d=2.
Proposition 3.9. If S={fi: XQX}i ¥ I is a parabolic IFS and d=2,
then the fixed point of each parabolic element fi belongs to the boundary of
X. In addition, the derivative of each parabolic element evaulated at the
corresponding parabolic fixed point is a root of unity.
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Proof. Suppose that i ¥ I is a parabolic index and that the corresponding
fixed point xi is in Int X. Let Ci be the component of Int (X) containing xi.
So, Ci is an open connected subset of C missing at least three points, since
X is a compact subset of C. Therefore, due to the uniformization theorem,
there exists a holomorphic covering map R: DQ Ci sending 0 to xi, where
D={z ¥ C : |z| < 1} is the open unit disk in C. Since fi(xi)=xi,
fi(Ci) … Ci. Considering, if necessary, the second iterate of fi we may
assume that fi is holomorphic. Hence, all its lifts to D (i.e., satisfying the
equality fi p R=R p k) are holomorphic. Take k: DQ D, the lift fixing the
point 0. Then kŒ(0)=f −i(xi), whence |kŒ(0)|=1. Therefore, in view of
Schwarz’s lemma, k: DQ D is a rotation with the center at 0. In particular
fi(Ci)=fi p R(D)=R p k(D)=R(D)=Ci.
This contradicts condition (4) from Section 1. Finally, suppose i is a para-
bolic index. If f −i(xi) were not a root of unity, then the images of finitely
many iterates of fi of an open cone witnessing the cone condition at xi
would cover a punctured neighborhood of X. This contradicts the fact that
the boundary of X has no isolated points. L
4. PROOFS OF THE MAIN THEOREMS
In order to apply the results of Sections 2 and 3 we need the following.
Recall for each parabolic index i, xi is the unique fixed point of the map fi.
Proposition 4.1. If {fi: XQX}i ¥ I is a parabolic IFS (I is allowed to
be infinite), then for every parabolic index i ¥ I and every j ¥ I0{i}, we have
xi ¨ fj(X).
Proof. Suppose on the contrary that xi ¥ fj(X) for some parabolic
index i ¥ I and some j ¥ I0{i}. Then by the cone condition and confor-
mality of fj, the set fj(X) contains a central cone with positive measure
and vertex xi. On the other hand, since fi is conformal, X0fi(X) contains
no central cone with positive measure and vertex xi. This is a contradiction
since, by the open set condition, Int(fi(X)) 5 Int(fj(X))=”. The proof is
complete. L
Consider a parabolic IFS, S={fi: XQX}i ¥ I. If S is 2-dimensional,
then dealing with the family of second iterates S2={fij: i, j ¥ I}, instead of
S, we may assume that all the parabolic maps are holomorphic. Also, from
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Proposition 3.9 the derivative of each parabolic element evaluated at the
corresponding parabolic fixed point is a root of unity. Therefore, for some
appropriate positive integer q, the derivative of each parabolic element of
Sq evaluated at the corresponding parabolic fixed point is equal to 1. Thus,
without loss of generality, we may assume that in case d=2, all the para-
bolic elements of S are simple parabolic mappings in the sense of Section 3.
Grouping now together the results of Sections 2 and 3, we deduce that for
any given d \ 2, there exists a constant Q \ 1 and an integer q \ 0 such
that for every parabolic index i ¥ I there exists an integer pi \ 1 such that
for every j ¥ I0{i} and all n, k \ 1 we have
Q−1n−
pi+1
pi [ inf
X
{||f −inj(x)||}, ||f
−
inj ||, diam(finj(X)) [ Qn−
pi+1
pi , (4.1)
Q−1n−
1
pi [ dist(xi, finj(X)) [Dist(xi, finj(X)) [ Qn−
1
pi, (4.2)
Dist(finj(X), fikj(X)) [ Q |min {k, n}−
1
pi−(max {k, n}+1)−
1
pi| (4.3)
and, furthermore, if |n−k| \ q, then
dist(finj(X), fikj(X)) \ Q |n−
1
pi−k−
1
pi|. (4.4)
We also need the following.
Theorem 4.2. If {fi: XQX}i ¥ I is a parabolic IFS (I is allowed to be
infinite), then
dimH(JS) >max 3 pipi+1: i is parabolic4 ,
where pi is the integer indicated in (4.4).
Proof. Using (4.1), if we take t slightly larger than pipi+1, then k(t) can be
made as large as we like. Since Pg(t) \ −t log K+log k(t), Pg(t) > 0.
Therefore, h=dimH(JSg) >
pi
pi+1
. It therefore immediately follows from
Lemma 1.2 that
dimH(JS)=dim H(JSg) >max 3 pipi+1: i is parabolic 4 .
The proof is complete. L
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If, in addition S is finite, then we conclude from (4.1) that
hSg=max 3 pipi+1: i is parabolic4
and k(hSg)=.. This means that the system Sg is hereditarily regular and
we have proved Theorem 1.4.
Lemma 4.3. For every parabolic index i ¥ I, there exists an open cone
Ci …X with vertex xi and such that xi ¥ J 5 Ci.
Proof. In case d \ 3 this is an immediate consequence of Lemma 2.3. In
case d \ 3 this is an immediate consequence of (3.6) and Lemma 3.8. L
In view of Theorem 1.5 in order to prove Theorem 1.6 it suffices to
demonstrate the following four lemmas assuming the finite parabolic
system S satisfies the strong open set condition.
Lemma 4.4. If h < 1, thenHh(J)=0.
Lemma 4.5. If h [ 1, then Ph(J) <..
Lemma 4.6. If h > 1, then Ph(J)=..
Lemma 4.7. If h \ 1, thenHh(J) > 0.
Proof of Lemma 4.4. Let i ¥ I be a parabolic index. Fix j ¥ I0{i}. Since
finj(X) … B(xi, r) if and only if Dist(xi, finj(X)) < r, it follows from (4.2)
that if Qn−1/pi < r, then finj(X) … B(xi, r). Hence using (4.1) and the
conformality of m, we get
r−hm(B(xi, r)) \ r−h C
n: Qn −
1
pi < r
m(finj(X)) \ r−h C
n > (Qr −1)pi
Q−hn−
pi+1
pi
h
\ Q−h(const) r−h(Qpir−pi)1−
pi+1
pi
h \ (const) r−hr−pi+(pi+1) h
=(const) rpi(h−1).
Since h < 1, this implies that limrQ 0r−hm(B(xi, r))=.. By Proposition 1.3,
xi ¥ Sg(.); it therefore follows immediately from Lemma 4.9 in [MU1]
thatHh(JS)=Hh(JSg)=0. The proof is finished. L
Proof of Lemma 4.5. Fix a parabolic index i ¥ I, j ¥ I0{i}, n \ 1 and
fix r, 2diam(finj(X)) < r [ 1. Take an arbitrary point x ¥ finj(X). It follows
from (4.3) and the inequality r > 2diam(finj(X)) that if k [ n and
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Qa(k−1/pi−n−1/pi) < r, where we take an appropriate constant Qa \ Q, then
B(x, r) ‡ fikj(X). Hence, using (4.1) and Theorem 4.2 and letting E(x)
denote the greatest integer in x, we get
m(B(x, r)) \ C
n
k=E ((Qa −1r+n −
1
pi )
−pi)+1
m(fikj(X)) \ C
n
k=E ((Qa −1r+n −
1
pi )
−pi)+1
Qa −hk−
pi+1
pi
h
\ (const)((Qa −1r+n− 1pi)−pi(1−
pi+1
pi
h)−n1−
pi+1
pi
h)
\ (const)((Qa −1r+n− 1pi)
(pi+1) h−pi
−n−
1
pi
((pi+1) h−pi)). (4.5)
It follows from the mean value theorem that there exists some g with
n−1/pi [ g [ Qa −1r+n−1/pi such that
(Qa −1r+n−
1
pi) (pi+1) h−pi−n−
1
pi
((pi+1) h−pi)
=((pi+1) h−pi)(Qa −1r) g (pi+1) h−pi −1
=((pi+1) h−pi) Qa −1rg (pi+1)(h−1)
\ ((pi+1) h−pi) Qa −1r (Qa −1r+n−
1
pi) (pi+1)(h−1). (4.6)
But, by our constraints on r and by (4.1), n−1/pi [Q1/(pi+1) diam1/(pi+1)(finj(X))
[ (1/2) Q3/(pi+1)r1/pi+1). Thus, combining this, (4.6), and (4.5), we get
m(B(x, r)) \ (const) r(Qa −1r+n− 1pi) (pi+1)(h−1)
\ (const) r(r 1pi+1) (pi+1)(h−1)=(const) rh.
Therefore, the proof follows by applying Theorem 2.5(2) in [MU2] with
t=1, c=1, and F consisting of hyperbolic indices. L
Proof of Lemma 4.6. Fix a parabolic index i ¥ I. Since the system is
finite, by applying Proposition 4.1, there is some R > 0 such that if
0 < r < R, then B(xi, r) does not intersect fj(X), for any j ] i. Fix such a
radius r. Using (4.2) and (4.1), we derive
r−hm(B(xi, r)) [ r−h C
j ] i
C
n: Q −1n −
1
pi < r
m(finj(X)) [ r−h C
j ] i
C
n > (Qr) −pi
Qh||f −inj ||
h
[ Qhr−h C
j ] i
C
n > (Qr) −pi
n−
pi+1
pi
h
[ (const)#IQh 1pi+1
pi
h−12 r−h(Qr)(−pi) (1− pi+1pi h)
=(const) r−h+(pi+1) h−pi=(const) rpi(h−1).
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Since h > 1, this implies that limrQ 0r−hm(B(xi, r))=0. Applying Lemma 4.13
in [MU1] along with Lemma 4.3 and Proposition 1.3, we conclude that
Ph(J)=.. L
Proof of Lemma 4.7. Fix a parabolic index i ¥ I, j ¥ I0{i}, n \
max {2q, q+1}, and x ¥ finj(X). Given 1 \ r > diam(finj(X)) and using
(4.1) twice we obtain
S1 :=C
a ] i
C
n+q
k=n−q
m(fika(X)) [ C
a ] i
C
n+q
k=n−q
||f −ika ||
h
[ C
a ] i
C
n+q
k=n−q
Qhk−
pi+1
pi
h [ #IQh 2q(n−q)−
pi+1
pi
h
=2#IqQh1 n
n−q
2 pi+1pi hn−pi+1pi h
[ 2qQh#I2
pi+1
pi
hQ diamh(finj(X)) [ 2qQh+12
pi+1
pi
h#Irh. (4.7)
Put l=E((n−1/pi−Qr)−pi)+1 if Qr < n−1/pi and l=. otherwise. Using
(4.1) we get
S2 :=C
a ] i
C
k: |n −
1
pi −k
− 1pi | < Qr
m(fika(X)) [ C
a ] i
C
l
k=E ((Qr+n−
1
pi )
−pi)
Qhk−
pi+1
pi
h
[ #IQh C
l
k=E ((Qr+n−
1
pi )
−pi)
k−
pi+1
pi
h.
Suppose first that Qr < n−1/pi. Then
S2 [ #IQh1pi+1pi h−12((Qr+n− 1pi)−pi+(pi+1) h−(n− 1pi−Qr)−pi+(pi+1) h).
It follows now from the mean value theorem that there exists g ¥
[n−1/pi−Qr, n−1/pi+Qr] such that
(Qr+n−
1
pi)−pi+(pi+1) h−(n−
1
pi−Qr)−pi+(pi+1) h=((pi+1) h−pi) 2Qrg (pi+1)(h−1).
Since by (4.1),
n−
1
pi [ Q
1
pi diam(finj(X))
1
pi [ Q
1
pi r
1
pi,
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we therefore find
S2 [ (const) rg (pi+1)(h−1) [ (const) r (Qr+n−
1
pi) (pi+1)(h−1)
[ (const) r(Q 1pi r
1
pi+Qr)(pi+1)(h−1) [ (const) r (r
1
pi) (pi+1)(h−1)
=(const) rh. (4.8)
Suppose in turn that Qr \ n−1/pi. Then
S2 [ Qh#I C
.
k=E ((Qr+n−
1
pi )
−pi)
k−
pi+1
pi
h
[ Qh#I 1pi+1
pi
h−12(Qr+n− 1pi)−pi(1− pi+1pi h)
=Qh#I 1pi+1
pi
h−12(Qr+n− 1pi) (pi+1) h−pi [ (const) r (pi+1) h−pi
=(const) rhrpi(h−1) [ (const) rh.
(4.9)
Since, by (4.4), m(B(x, r)) [ S1+S2, it follows from (4.7)–(4.9) that
m(B(x, r) [ (const) rh. Finally, applying Theorem 2.4(3) in [MU2]
completes the proof. L
Proof of Theorem 1.7. It is a straightforward consequence of formulae
(4.2), (4.3), and (4.4) that for every parabolic index i ¥ I, every j ¥ I0{i},
and every x ¥X, BD({finj(x)}n \ 1)= 11/pi+1=
pi
pi+1
. Hence, it follows from
Theorems 4.1 and 2.11 in [MU2] along with Theorem 3.1 in [MU1] that
BD(J)=dimH(J). L
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